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ON NON SPECULAR REFLECTION OF BOUNDED BEAMS FOR 
LAYERED HALF SPACES UNDER WATER 
ABSTRACT 
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Department of Mechanical Engineering 
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Berkeley, CA 94720 
We study the recently derived reflection coefficient for plane 
waves in a liquid that are incident on the liquid-solid interface of 
a solid half space which consists of a single layer of one elastic 
material bonded to a substrate of a different material. Plots of 
the magnitude of the reflection coefficient versus the incident angle 
are presented for several sets of material parameters and values of 
frequency f and layer thickness d. The use of the results presented 
for the study of non specular reflection of bounded acoustic beams is 
of primary interest. We therefore seek to identify all the critical 
incidence angles for non specular reflection. 
We also investigate, in particular, the surface wave propagation 
for the case of a stiff layer on a soft half space, and we find that 
the purely propagating mode cuts off with increasing fd (f is the 
frequency and d the layer thickness) when its speed reaches approxi-
mately the shear wave speed of the substrate, as reported in the 
literature. However, as fd increases further, a leaky mode appears 
that approaches the Rayleigh wave for the layer. This leaky mode is 
also associated with nonspecular reflection for large enough fd. 
INTRODUCTION 
Nonspecular reflection of bounded underwater ultrasonic beams 
from a plane interface between the water and an elastic solid has 
been studied in several papers over the last 30 years. Schoch1 
demonstrated the phenomenon for water on a homogeneous elastic solid, 
which we will refer to as the LS structure, after predicting it on 
the basis of a similar occurrence in optics known as the Goos-HHnchen 2 
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effect. Schoch 3 also studied the case of a solid layer submersed in 
water, which we will call the LSL structure, and he presented the 
first, but somewhat incomplete, theoretical explanation of the lat-
eral displacement of the reflected beam. Schoch's analysis was im-
proved in Brekhovskikh,4 where layered structures were also consid-
ered. The theoretical explanation of all the aspects of nonspecular 
reflection of bounded beams in the LS case was presented in Bertoni 
and Tamir. 5 A similarly thorough treatment of the LSL case was con-
tained in Pitts,6 and the related papers Pitts et al. 7 and Plona 
et al. 8 
The problem of nonspecular reflection from a layered half space, 
consisting of a thin layer of one material bonded to a thick sub-
strate of a different material, has been studied recently by Chimenti 
et al.,9 and Chimenti and Nayfeh. 10 We will refer to this as the 
LSS structure. In Ref. 9 the loading case of copper on stainless 
steel was studied. Nonspecular reflections were measured and cal-
culated corresponding to the lowest Rayleigh mode. Reference 10 
considered also the stiffening case of chromium on stainless steel. 
They found experimentally that the wave did not cut off with in-
creasing fd (where f is the frequency and d is the layer thickness) 
at the layer shear wave speed as expected. Instead it "persists as 
a leaky wave up to about 130% of this cutoff II value of fd. 10 
The LSS structure was also considered in Bogy and Gracewski. 11 
The reflection coefficient for plane waves was derived for several 
models of the layered structure. These included some approximate 
plate theories for the layer as well as the case in which the layer 
is modeled by exact linear elasticity theory. These reflection co-
efficients were given in algebraic form, as opposed to a form con-
taining determinants, and several limiting cases were studied. 
In this paper the reflection coefficient of the exact theory 
derived in Ref. 11 is studied numerically for several material com-
binations and values of fd. The parameters of the layer are held 
fixed at those for stainless steel while the half space substrate 
parameters range from stainless steel to brass and further to water. 
This study presents a unifying picture between the LS, LSL, and LSS 
cases. We also explain the propagating wave behavior for the stiff-
ening case over the entire range of fd. In particular, we show how 
the Rayleigh mode for the layer is approached as fd increases. This 
paper is an abbreviated version of Bogy and Gracewski. 12 
THE REFLECTION COEFFICIENT 
The reflection coefficient derived in Ref. 11 for the LSS 
structure in Fig. 1 has the form 
-i2PL 
r = e (N/D), (1) 
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Fig. 1. Liquid-solid layer-solid structure with incident plane 
wave from liquid. 
where 
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in which the upper choice of sign is used in the expression for the 
numerator N and the lower choice with the denominator D. The follow-
ing notation is also employed: 
P = ad, Q = Sd, PL = aLd, r = b/c, Ze 
Z = pb/C y y (3) 
where PL' cL represent the density and longitudinal wave speed in 
the fluid while p, c, band PS' cs' bS represent the density, longi-
tudinal and shear wave speeds in the layer and substrate, respec-
tively, eL, e, eS and y, ys are the angles between the normal to 
the interlaces and the longitudinal wave vectors ~, k, kS and shear 
wave vectors K, K ,respectively. The normal components of these 
wave vectors are aenoted by aL' a, as and S, SS' respectively. The 
tangential components of all the wave vectors are the same, and are 
denoted by a. ~S is the Rayleigh function for the half space 
(4) 
and we have employed the shorthand notation 
Ss = sinS, Ce = cose, Te tanS, Cte = cote. (5) 
DEPENDENCE OF THE REFLECTION COEFFICIENT ON~MATERIAL PARAMETERS 
The reflection coefficient for infinite plane waves given in 
the previous section can be used in the mathematical representation 
of reflected bounded beams in the manner described in Ref. 5. Such 
beams will be reflected in a non specular manner if the incident beam 
excites a leaky interface wave. These are propagating modes in the 
absence of the liquid half space and they are defined by real values 
a* that are roots of the frequency equation studied in Farnell and 
Adler. 13 Both Nand D in Eq. (2) reduce to this frequency equation 
in the limit where the fluid half space becomes a vacuum. In the 
presence of the liquid these roots a* of D(a) in Eq. (2) move some-
what away from the real axis and the modes have a corresponding de-
cay in amplitude and are called leaky modes. We have found that 
roots determining propagating modes for one particular material com-
bination may also move away from the real axis as the material param-
eters change. Farnell and Adler 13 considered only propagating modes 
for the layer-half space, i.e., they find only the real roots a*. 
We will show that for certain layer-half space material combinations 
it is possible for roots to occur arbitrarily close to the real axis 
in the complex a-plane in the absence of the upper liquid half space, 
and while the modes are not propagating in the sense of Ref. 13, 
their amplitude decay is small and they do define angles of incidence 
for nonspecular reflection of bounded beams. 
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One way to determine the poles and zeros of the reflection co-
efficient in the complex a-plane is to search numerically using the 
principal of the argumentS or a Newton-Raphson technique. 9 We have 
found that when a pole of R in the complex a-plane is sufficiently 
near the real axis to correspond to a mode that causes non specular 
reflections, it will be associated with a zero also near the real 
axis. The poles always have positive imaginary parts in the pres-
ence of the liquid, but the zeros can have positive or negative ima-
ginary parts. A zero usually has an imaginary part that is less 
than the imaginary part for the corresponding pole. The zero-pole 
pairs coalesce in the limit as the liquid vanishes. If they coa-
lesce to a real value in this limit they represent modes that propa-
gate without decay in amplitude. If they coalesce to complex values 
they represent leaky modes that decay as they propagate. 
Since the zeros of the reflection coefficient occur below the 
poles and the poles always have positive imaginary parts, we find 
that the real parts of the zero-pole pairs near the real a-axis can 
be observed by merely calculating IRI along a path just below this 
axis. The reflection coefficient is a function of the material 
parameters, of fd (or wd), and of 6L, the incident angle in the 
liquid. Figs. 2a-b present a study of IRI versus sin6L for fixed 
fd (fd = 5 MHz.mm), and varying material parameters. In all cases 
the function IRI is evaluated along the path a = a -iO.OOl, 
o ~ aR ~ ~, and sin6L = a /~. The material para~eters in Figs. 
2a-2b are varied between t~ose for water (W), brass (B), and stain-
less steel (S). We designate the water-stainless steel layer-brass 
half space as WSB. Each of the Figs. 2a-2b shows IRI versus sin6 
for six different sets of material parameters that represent equa! 
increments in parameter space between the top and bottom graphs. 
(When the substrate is repre~ented as water, the shear wave number 
is arbitrarily set at (1000)~, which is found numerically to give 
virtually the same results as water if PS and kS also correspond to 
water.) All of the six curves in each figure are plotted to the same 
scale. The vertical origins are displaced so the curves will not 
superimpose. The amount of displacement can be seen from the values 
near sin6L = 1 where the value of IRI for all curves is one. 
In Fig. 2a the material parameters vary between WSS and WSB and 
in Fig. 2b they vary between WSB and WSW. The parameter end values 
of WSS and WSW correspond to previously studied cases, and both are 
discussed extensively in Ref. 6 (the layer is brass there), where 
they are designated the Liquid-Solid (LS) case and the Liquid-Solid-
Liquid (LSL) case, respectively. The plot of" IRI versus sin6L for 
the LS case (top curve) can also be found in Ref. 4 and elsewfiere. 
In Fig. 2a the top curve, for WSS, is in agreement with these pre-
viously published results and this case is characterized by four 
features: the value for 6L = 0; the cusp where IRI first rises to 
one, which corresponds to the longitudinal wave number for the solid~ 
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1. r-------.------,~--------------, WSS 
0:.5 WSB 
.2 . 4 .6 .8 1. 
Modulus of reflection coefficient, IRI, versus incident 
sineL for various material combinations between water (W), 
(B), and stainless steel (S), for frequency-thickness, fd, 
at 5 MHz.mm (f=4 MHz, d=1 . 25mm) . The parametp.rs used were: 
W (water) 
B (brass) 
p(gm/cm3) 
1 
8.5 
7.9 
c(km/sec) 
1.49 
4.70 
5.69 
b(km/sec) 
2.11 
3.13 S (s.steel) 
the kink where the value of IRI next rises to one, which corresponds 
to the shear wave number of the solid; and the slight dip just past 
the kink, which corresponds to the Rayleigh wave number for the 
solid. In the complex a-plane there is only one zero-pole pair near 
the real axis for this case and they are complex conjugates. They 
move to the real axis at the Rayleigh wave number in the limit where 
the upper liquid becomes a vacuum. It can be shown that IRI = 1 
beyond the shear wave angle kink. The slight dip that occurs at 
the Rayleigh wave angle is due to our evaluation of IRI along the 
path aR -iO.OOl rather than along the real a-axis, and the fact that 
the zero occurs in the lower quadrant. 
The plot of IRI versus sin8L for the LSL case (bottom curve in 
Fig. 2b) can be found in Refs. 6 and 7, for a brass layer. It is 
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1. 
Fig. 2b. (same caption as Fig. 2a.) 
characterized by the sharp spikes that drop to zero together with 
the dip that occurs at about the Rayleigh angle. As discussed in 
Refs. 6 and 7 the spikes correspond to the Lamb modes for the plate 
at the particular value of fd (fd = 5 MHz.rom here). They are asso-
ciated with zero-pole pairs of R which are not complex conjugates 
in the a-plane but for which the zeros are real and the poles lie 
above the zeros with the same real parts. In the limit as the liquid 
on both sides of the plate becomes a vacuum, the poles move to the 
real axis at the corresponding zeros. The last dip in IRI, which 
occurs near the Rayleigh angle. corresponds to the lowest plate 
mode whose velocity approaches the Rayleigh velocity at high values 
of fd. 
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The set of graphs in Fig. 2b indicates that as the lower half 
space parameters change from water to brass the zero-pole pairs 
corresponding to the Lamb modes move away from the axis. Indeed, 
we find that they move up together into the upper quadrant far 
enough from the real axis so they are no longer associated with a 
propagating or leaky mode. The zero and pole trajectories relevant 
to the approximation of R depend on the material parameters in a 
rather complicated manner, which requires changes in the choice of 
branches of multi-valued terms in R. A complete analysis of the 
zero and pole trajectories will be presented in a later paper. 
fd 
l. .34 
.3B 
. 16 
.24 
.32 
.5 .43 
1E 
.2 • 4 .8 1. 
SIN BL 
Fig. 3a. Modulus of reflection coefficient, IRI, versus incident 
angle sin8L for WSB (see caption for Fig. 2a) for various values 
of fd. 
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Fig. 3b. (same caption as Fig. 3a.) 
DEPENDENCE OF THE REFLECTION COEFFICIill~T ON FREQUENCY-THICKNESS 
In this section we study the reflection coefficient as fd 
changes for the stiffening case of WSB. In Figs. 3a-d fd varies 
from 0.04 to 12 MHz.mm. According to Ref. (13) only a single 
Rayleigh type mode exists and its velocity varies between the 
Rayleigh velocity and the shear velocity of the substrate (brass) 
as fd increases. As the shear velocity is reached the mode propa-
gates without decay of amplitude with depth and thus loses its 
surface wave character. As fd increases beyond this value no purely 
propagating mode is possible. The top curve in Fig. 3a for fd = 0.04 
is indistinguishable from the LS case for water and brass. The 
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3.2 
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Fig. 3c. (Same caption as Fig. 3a.) 
slight dip at the Rayleigh wave number is again visible due to the 
offset of the path of evaluation of IRI. As fd increases from 0.04 
this Rayleigh zero-pole pair is seen in Fig. 3a to move to the left 
and it reaches the real axis at about fd = 0.40. We found that the 
zero-pole pair remained complex conjugates but approached the real 
axis near, but not exactly at, the brass shear wave number (see 
Fig. 4). Up to fd ~ 0.38 they would approach the real axis if the 
upper liquid were to become a vacuum. The pair corresponding to 
0.38 moves to the brass shear wave number. As fd increases beyond 
0.40 the zero moves into the upper quadrant of the a-plane and be-
comes paired with a different pole, forming a leaky Lamb-type mode. 
This zero-pole pair would not approach the real axis if the upper 
liquid were to become a vacuum. Therefore it is not included in 
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12. a 
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Fig. 3d. (Same caption as Fig. 3a.) 
the propagating modes in Ref. 13. As fd increases still more the 
zero moves down and crosses the real axis (at about fd = 3.3) as 
indicated in Fig. 3c and Fig. 4. As fd continues to increase this 
zero-pole pair approaches the Rayleigh mode for stainless steel, i.e., 
the zero-pole pair approaches complex conjugates at the Rayleigh 
wave number for stainless steel. Evidently this limit is never ex-
actly reached as fd increases, but it is essentially attained by 
fd = 6.0, as can be seen in Fig. 3d and Fig. 4. Also, if the upper 
liquid were to approach a vacuum, this zero-pole pair would not ex-
actly reach the real axis in the range between the shear wave number 
for the brass substrate and the Rayleigh wave number for the stainless 
steel layer. Thus this mode is not identified as a propagating mode 
in Ref. 13. Nevertheless, we found that nonspecular reflection of 
bounded beams is predicted at the incidence angle corresponding to 
this mode. However, for fd < 3.0 the nonspecular part of the reflec-
ted beam may be too faint to be experimentally observed. Also, in 
practical terms the Rayleigh waves observed in the laboratory are 
actually related to this mode for large fd since the laboratory 
"half space" always has a finite thickness d. 
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w. 12. 14. 16. 
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Fig. 4. Trajectory of zero-pole pair associated with propagating 
Rayleigh mode (0 ~ fd ~ 0.4 with Im(Ss) > 0) and leaky Lamb-type 
mode becoming Rayleigh-type mode (fd 5 0.4 with Re(SS) > 0). 
Fig. 3d indicates that several leaky Lamb-type mode zero-pole 
pairs appear just to the left of the stainless steel layer shear 
wave number as fd increases. The curve for fd = 12 shows five such 
modes. These modes are too leaky to be excited by bounded beams. 
Therefore, for the stiffening case of WSB we find the Rayleigh 
type mode exists with speeds varying, as fd increases from zero, 
between the Rayleigh wave speed and the shear wave speed of brass. 
It cuts off at this speed as a purely propagating mod~ and becomes 
a leaky mode. As fd increases more the mode becomes more leaky 
and then comes back as a less leaky mode, and it approaches a propa-
gating mode with the Rayleigh wave speed of stainless steel. This 
behavior is substantiated by Fig. 4, which shows the discussed zero-
pole trajectories. 
DISCUSSION AND CONCLUSIONS 
In this study we have presented a unifying picture between the 
LS, LSL, and LSS reflection coefficients by varying the material 
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parameters for the LSS case, which includes the other two as special 
cases. The technique of evaluating IRI just below the real axis in 
the complex a-plane was used to locate the incident angles where non-
specular reflection of bounded beams should be anticipated. This 
requires considerably less computational effort than searching for 
all the zeros and poles of R. On the other hand, a thorough under-
standing of the analytic structure of R and the dependence of this 
structure on the various parameters requires the computation of the 
zero and pole trajectories corresponding to the changes in these 
parameters. 
The study of the stiffening case of WSB (water-stainless steel-
brass) revealed that the Rayleigh mode cuts off as fd increases from 
zero near, but not at, the shear wave speed for brass (at fd ~ 0.4) 
MHz.mm). As fd increases further a leaky mode appears, first with 
a Lamb mode character and then approaching the Rayleigh mode for 
the stainless steel layer (at fd ~ 6 MHz.mm). This is illustrated 
in Figs. 3a-d and Fig. 4. 
It should be noted that the zero-pole pair to the left of the 
cut-off point in Fig. 4 belongs to a different branch of R than does 
the pair to the right. The left portion has Re(aL, a, S, SS) > 0, 
Im(aS) > 0, while the right portion has Re(aL, a, S) > 0, Im(aS' SS) 
> 0. It should also be pointed out that the zero-pole pair comes 
together, from the right as fd increases, slightly ~o the left of 
KS' the shear wave number of the substrate, which is also'a branch 
point. We found that for a denser liquid this merging point of the 
zero and pole moves even further to the left. As the liquid becomes 
less dense than water, and approaches a vacuum, this point moves to 
the right and approaches KS. 
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